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We discuss the boundary effect of anomaly-induced action in two-dimensional spacetime, which 
is ignored in previous studies. Anomaly-induced action, which gives the stress tensor with the 
same trace as the trace anomaly, can be represented in terms of local operators by introducing 
an auxiliary scalar field. Although the degrees of freedom of the auxiliary field can in principle 
describe the quantum states of the original field, the principal relation between them was unclear. 
We show here that, by considering the boundary effect, the solutions of classical auxiliary fields are 
naturally related to the quantum states of the original field. We demonstrate this conclusion via 
several examples such as the flat, black hole and the de Sitter spacetime. 


I. INTRODUCTION 

In the absence of a well-developed theory of quantum gravity, the semiclassical approach, that is quantum 
field theory in (classical) curved spacetimes, has been applied widely to study quantum corrections to general 
relativity [l| . The semiclassical approach, where the quantum divergences of fields are covariantly renormalized, 
gives the (one-loop) effective action. The expectation value of the stress tensor of quantum matter fields can be 
also derived with this procedure. The result suggests that, even in conformal field theories, a nonzero trace of 
stress tensor arises by the renormalization. This nonzero trace of stress tensor is called the trace (or conformal) 

anomaly SHU- 

In principle, we can obtain the expectation value of the stress tensor of quantum matter fields in this semiclas¬ 
sical approach (i.e. the quantum field theory in curved spacetimes). Meanwhile, we have a practical problem; 
the calculation is so complicated that there is no explicit expression of the effective stress tensor in general 
background spacetimes. We need to derive the effective stress tensor individually in each spacetime that we 
are interested in. Because of the complicated calculations, we usually rely on, for instance, numerical and/or 
approximation approaches, even in simple common spacetimes such as Schwarzschild spacetime Q. One way to 
tackle with this problem is rebuilding the corresponding anomaly-induced action Although the anomaly- 

induced action is not always equal to the (one-loop) effective action from the original semiclassical approach, it 
can be expected and has been checked in some specific cases that in two-dimensional spacetime the anomaly- 
induced action can exactly describe the stress tensor of quantum field in vacuum state [8|. In four-dimensional 
spacetime, the anomaly-induced action could not correctly reproduce the original semiclassical result, but we 
would still be able to get at least some feeling. This approach has been applied widely to study the quantum 
stress tensor in curved spacetimes @,0, black-hole physics @, Qjl HU and cosmology [Till [Hit . The anomaly- 
induced action is naturally built in non-local form, and can be localized by introducing an additional auxiliary 1 
scalar field [r|- Different solutions of the auxiliary scalar fields could describe the effects of different quantum 
states of the original conformal matter field. Although there are attempts to find the correspondence between 
the quantum states of the original field and the solutions of the auxiliary scalar field, so far we have not known 
the general principle behind it. 

In this paper, we take into consideration the boundary effect in the discussion of anomaly-induced action, 
which has been neglected in the previous works mm3- This effect can be important, for instance, if we consider 
a black hole spacetime. We sometimes construct a quantum field theory only in the outside of the horizon. 
Then, the horizon is the boundary of the spacetime where the quantum field theory is defined. Moreover, 
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1 The word, “auxiliary”, often be used for fields without physical dynamics. Meanwhile, the auxiliary field here obeys an equation 
of motion, and thus contains a dynamical degree of freedom. 



2 


the boundary effect is important even at spatial infinities. In the construction of quantum field theories in a 
spacetime with spatial infinities, we first construct the quantum field theory in a finite region, and then take 
the limit where the boundary goes to the spatial infinity. In this procedure, the boundary action manifestly 
affects the result. 

After deriving the generic form of the anomaly-induced action with the boundary effect in two-dimensional 
spacetime, we apply the result to simple cases; the flat spacetime, two-dimensional Schwarzschild black hole 
(a black-hole-like spacetime which is corresponding to the time and radial parts of the four-dimensional 
Schwarzschild black hole) and de Sitter spacetime. We find a natural relation between the quantum states 
of the original field and the solutions of the auxiliary scalar field, after taking the appropriate limit of the 
boundaries. For instance, in the flat space, taking the limit where the boundary tangent to Rindler time goes 
to Rindler horizon, we have the stress tensor of the Rindler vacuum state. In the similar analysis with the two- 
dimensional Schwarzschild metric, we can naturally obtain the stress tensors of the Boulware, Hartle-Hawking 
and Unruh states. In de Sitter spacetime, the stress tensors of the Bunch-Davies state and the vacuum stress 
tensor in static coordinate are straightforwardly derived. 

The structure of this paper is organized as follows. In Sec. (TlJ we give a short review of the trace (conformal) 
anomaly and the anomaly-induced action (Polyakov action) in two dimensional spacetime. In Sec. IIII1 we 
introduce the boundary term. The boundary terms give the boundary conditions for the auxiliary scalar field, 
which constrain on the solutions of the auxiliary scalar field. In Sec. hyi as examples, we apply our result to 
several common spacetimes. We see that the boundary conditions lead to the stress tensor of the naturally 
corresponding state. Finally, we give a summary and discussion in Sec. IVl 


II. REVIEW OF ANOMALY-INDUCED ACTION 


On a curved spacetime, the conformal anomaly appears through the renormalization of the stress tensor. The 
expectation value of the stress tensor diverges even for the linear field theory 2 and the renormalization is required. 
The counter terms represented by in geometric forms are introduced for the renormalization and, in even- 
dimansional spacetime, the anomalous contribution appears in the gravitational equation. This contribution 
violates the conformal symmetry even if the original action for the fields possesses the symmetry, and thus it is 
called the conformal (or trace) anomaly [IHU. The action rebuilt from this anomalous contribution is written 
by the nonlocal and geometric functions. Meanwhile, by introducing scalar fields, the classical action for the 
anomalous terms can be expressed in a local form. The local form is useful for applicative discussions, such as 
cosmology. In this section, we briefly review the idea of the effective local action for the trace anomaly SO- 
We first consider a Lagrangian of a scalar field in n-dimensinal spacetime: 

£ ci = Iv^V^-i(m 2 +ei?)0 2 , (1) 

where m is the mass of the scalar field and £ is a dimensionless constant. The effective Lagrangian including 
the one-loop contributions for this scalar field can be derived as [lj 


Leff — 77 lim [ dm' 2 Gp S (x,x'- 1 m' 2 ) 1 

l x^rx' 2 


( 2 ) 


where Gp S is the DeWitt-Schwinger representation of the Feynman propagator Gf ■ By the DeWitt-Schwinger 
expansion, this effective Lagrangian can be expanded as 


Leff{x) 


1 

2 ( 47 r )"/ 2 


J2 a i( x ) mn 2j r (j 

3 =0 



( 3 ) 


2 This divergence appears even in the flat spacetime, which is the vacuum energy. In a theory without gravity we can just ignore 
it, because it is coupled only with gravity. In a gravitational theory, however, since it can be the source of gravity, we need to 
renormalize it. Usually, we assume that the renormalized vacuum energy is tiny, which might explain the acceleration of the 
Universe. Nevertheless, there is no natural reason for its smallness, which is the well-known cosmological constant problem. This 
issue is beyond the scope of this paper and we will not dwell on it further. 
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where a^’s are written in the geometric forms: 

o-o (x) = 1, (4) 

ai{x) = (i -£)#> (5) 

02 (x) = - a) 2 R 2 + ^(R^uapR^ - R'U'BT) - - S)nR, (6) 


The gamma function T(j — n/2) diverges when its argument is naught or a negative integer, and thus we must 
introduce counter terms to renormalize these divergent parts. 

Since these divergences mostly stem from the curvature effect of spacetime, we expect that the counter terms 
are written with the geometric forms. Indeed, we can introduce the corresponding counter terms to cancel all 
divergent parts of the effective Lagrangian. The renormalized effective Lagrangian is defined as 

L-ren L e ff L-ct, (7) 


where L ct is the Lagrangian of the counter terms. The renormalized stress tensor is derived to be 




2 SS ren 

V ~9 


-2 5fd n Xy/=gL 

ren 

V~9 S 9' 11 ' 


( 8 ) 


In order to take advantage of conformal symmetry, hearinafter we will consider a conformally coupled scalar 
field, i.e. the case with £(n) := and m = 0. Due to the conformal symmetry, the classical stress tensor 

is traceless. In even-dimension, however, the renormalized stress tensor for the conformal scalar field has a 
nonzero trace 


9 <T„„> 


ren 


Qk{x) 

(47r) fc 


with 



k €N, 


(9) 


originating from the counter terms. This term manifestly violates the conformal symmetry, and thus it is called 
the trace (or conformal) anomaly. 

Hereinafter, we investigate the case in 2-dimensional spacetime as the simplest example. We start with the 
derivation of the non-local action for this anomalous contribution. The Wess-Zumino (WZ) action is useful for 
this derivation, which is defined as 


r wz[g,cr} := S[g\-S{g], (10) 

with 

9nv := exp(—2cr)g M! ,. (11) 

Due to the conformal symmetry, before introducing counter terms, the action is conformally invariant, i.e. we 
have S e f / [g\ = S e f / [<?]. This makes the relation of the renormalized WZ action to that for the counter terms as 

I' WZ ■ O | = Sren [g] \fj] 

= [Seff [ g ] - Seff [5]] - [Set [ g ] - Set [5]] 

= 0-[S ct [5]-S ct [ fl ]]. (12) 

From the WZ action we could read the form of the renormalized action S ren . However, the renormalized action 
derived from the WZ action has ambiguity; adding conformally invariant terms S con f to the obtained action 
Sren-, the new action S ren + S con f still gives the same WZ action. This ambiguity is supposed to be partially 
related to the degrees of freedom of the quantum state. Meanwhile, all information of the trace anomaly is 
definitely included in S ren , and thus the renormalized action that we can read from the WZ action is called the 
anomaly-induced action S an0 m, he. 


o’] — S ano7n \(j\ S arujr/ , [y|. 


(13) 


In the case of a conformally coupled scalar field in two-dimensional spacetime, the divergent parts of the 
effective Lagrangian m is written as 


Set = -lim 

24t r 


d 2 X\J—g 


R 


(n~ 2 )‘ 


(14) 
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Substituting this into eq. m, we can derive the WZ action as 
r wz[g , cr] = 


1 . f d 2 xJ~gR — f dPxyT^gR, 

- iim ---- 

247T n-¥ 2 77, — 2 


f d 2 x^g [aR - aDa] 


j °^ x J 'Fx'V-gV-g'R{x)D 2 (x,x')R(x') 

~ 9^7T J d2X J d2x ''/~ Z 9'f~9 iR ( x ) D 2 {x,x')R{x'). 

From ea. (fl3l) and ea. (fl5l) . we can find 

Sanom[g] = J d 2 x J d 2 x' ^g y/^g* R(x)D 2 (x, x')R(x '), 

where D 2 is the inverse operator of D’Alembert operator, i.e. 

S(x — x') 


□I? 2 (x, x') = -- 


sF~9 ' 


(15) 


(16) 


(17) 


In the last equality of eci. (fT5l) . we have imposed the symmetric condition of D 2 , i.e. D 2 (x,x') = D 2 {x',x), and 
used the relation 


2V~9Da = y/^gR - y 73 gR > 


(18) 


which is obtained from the conformal transformation m 

This non-local anomaly-induced action can be localized by introducing a real scalar field <p which is defined 
as 


ip(x) := J d 2 x'D 2 {x ) x')R(x'). 

Operating this by the D’Alembert operator, we can obtain 3 

□(/? = —R. 


(19) 


( 20 ) 


The degrees of freedom of the integration constants are absorbed into those of the Green function £> 2 ( 0 ;, a/). 
Equation (l20l) can be obtained from the following action 


Ranom [ 9 , v] = J d 2 xy/=g\g ,xv V - 2 ipR], 


( 21 ) 


We can check that this action is reduced to the anomaly action (11611 after substituting ea. (fl9l) . This gives the 
same dynamics as the non-local action m- The corresponding stress tensor can be obtained by the variation 
with respect to the metric g^u, and its explicit form is 


ryanom 


2 6S n 


\F I g Sg* 


( 22 ) 


~ \ R 9y.v)<P ~ V M V^ + g^Utp - i(V^)(V,^) + ig^(V a ^)(V“^)]. (23) 


This trace consists with the well-known trace anomaly, 


uv T anom = J_Q = - l _ R 

y ^ 24tt Y 24tt 


(24) 


Therefore, it is concluded that scalar field action m describes the anomalous contribution. 


3 Although the definition tnj seems equivalent to (1201 . for derivation of eq. dl9D from eq. we need the double integrations. 
Therefore eq. nnj has information of eq. m and two integration constants, i.e. using a specific inverse function D 2 is indeed 
equivalent to choosing a specific particular solution for eq. rent here. Meanwhile, in four-dimensional spacetime, in order to derive 
the localized anomaly action, we need to introduce two scalar fields fl6l [l7l . They should share the same green function (inverse 
operator) analogous to D 2 . Thus, the differential equations that two scalars should satisfy are no longer independent. 
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III. ANOMALY-INDUCED ACTION WITH BOUNDARIES 


In this section, we introduce the surface terms (i.e. the boundary effect), which was ignored in the previous 
works [M3- The boundary effect is important not only for bounded spacetimes but also for unbounded 
ones. Considering a spacetime with a horizon, the surface term fixes the boundary condition on the horizon. 
Meanwhile, at the (spatial) infinity, the surface term constrains on the asymptotic behavior. 

We indeed need to take only timelike boundaries into consideration. In the standard way to derive classical 
equation of motion, we take the variation of the action while fixing the initial and final states. Even if the 
surface terms on the spacelike boundaries (i.e. the initial and final hypersurfaces) are introduced, the final form 
of the stress tensor derived by the variation of the action is not affected. We thus ignore the contribution of 
spacelike boundaries. 

In two-dimensional case, since the counter term is proportional to the Einstein-Hilbert term, the corresponding 
boundary term is the Gibbons-Hawking term [18l . [l9(. The action of the counter term including boundary term 
is 


Sa[g} 


-1 f M d 2 Xy/^gR + 2 f s d 1 x v ^yK 
247r n — 2 


(25) 


where A4 is two-dimensional spacetime and E is the timelike boundary. For convenience in the later discussion, 
we introduce an arbitrary scalar function f(x) which is unity on the boundary and arbitrary elsewhere, i.e. 


f{x) = 1, x <E E. 


(26) 


Using this scalar function, we rewrite the action of the counter terms in 

c r i -1 J d 2 Xy/=gR + 2 J d'xy/^jfK 

Sct[9] ~ 2An -' 

As is the case in eq. m, the corresponding WZ action is transformed into 

1 (Jd 2 Xy/^gR+2jd 1 Xyf^K)-(Jd 2 Xy/^gR + 2jd 1 x y /^yK) 

TwzM = 2^H [ - —2 - ] 

= J d 2 Xy/^-§[aR — aUa] + J d 1 x(y/^aK + y/^aK)} 

— • Ranom\g\ L>anom\g\- 

We have the relation analogous to ea. (fl8l) 

2y/^L f a = y/=jj[R + 2V^(rqJA)] - y/=ij[R + 2V ll (n»fK)\. 


(27) 


(28) 


(29) 


Here, is the unit normal vector on boundary and does not need to be fixed elsewhere. Lf is an operator 
defined as 


L f := (-□ + Wfn^n^). 

The operator Lf satisfies the following relation with arbitrary functions hi and 

J d 2 xp—gh\ ( x)L / hi ( x ) = J d 2 Xy/—gh2{x)Lfh\(x ), 


(30) 


(31) 


and thus Lf is a self-adjoint operator. Using the relation (l29l) . we can read the non-local anomalous action from 

eq-f” 


S a nom[g} — 


1 

967T 


d 2 x j d 2 x'V=gV^g'(R(x) + 2 V^fK^Dfix, x'){R{x’) + 2 V^n'^f'K')) 


-4 / dPxyf^gfK 2 


Here, Df is the symmetric inverse operator oi Lf, which is defined by 

LfDf(x,x') = Df(x,x') = Df{x’ ,x). 

V~g 


(32) 


(33) 
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As the derivation of the local anomaly-induced action in the previous section, we introduce a real scalar field 


ip. The scalar field ip is defined by 

<P ■= J d 2 x'V^D f (x,x')[R' + 2 V^f'K')}. (34) 

Operating Lf to this equation, we have 

L f ip = R + K). (35) 

Considering the following action 

Sanom[g\ = {J d 2 x y[^g[pL f p - 2p(R(x) + 2 (n M / K))] - 4 J d 2 Xy/^gfK 2 } (36) 

= d 2 xy/=g{-pUp - 2pR) + J d 2 xy/^gf[(n fJ \/^p)(—n^\/ l/ p + 4A') — AK 2 } 

+ /^^KV^-^)}, (37) 


this action gives eq. m and, substituting eq. m, this action is reduced into the non-local action (13211 . 
Therefore, this is the localized anomaly action that we want. 

Now we choose the useful form of the scalar function /. Because / is an arbitrary function except that it 
should be unity on the boundary, we can consider the following / function: 

MA) : 

where A is the affine parameter 4 for the geodesic orthogonal to the boundary, and <5 is a positive constant. 
Taking the limit S —> 0, the anomalous action (l37l) becomes 

Sanom[g\ S -^° -^{j d 2 x yf^g (-ipUtp - 2pR) + J d}Xy/j^n^ 1 "ip - 4(pK)}. (39) 

It turns out that we have exactly the same action as the previous one (1211) expect for the additional boundary 
terms. The boundary terms have no contribution on the stress tensor except on the boundary, and thus the 
obtained form of the stress tensor in A4 is the same as that without the boundary term. Meanwhile, the 
boundary terms affect the boundary condition for the scalar field ip. Equation (1351) can be rewritten in 

-Up + KV./^/V^) + /{V.^KV^) = R + 2(n' , V (i / s )lf + 2 fsV^K. (40) 

Taking the limit S —> 0, we find the equations for <p 

Qp = -R, (41) 

with the boundary conditions 5 

n v SJ v p = 2 K, i€E. (42) 

This means that there is the additional boundary constraint on tp which was not taken into consideration in 
the previous works. 


2 L Lui3 V 5 , 
0 , 




(A >6) 


(38) 


IV. APPLICATION TO VARIOUS SPACETIMES 

In this section, we apply our result to several common spacetimes, which are the flat, two-dimensional 
Schwarzschild, and de Sitter spacetimes. Since any two-dimensional spacetime can be described by the 
conformally-flat metric, we analyze the general conformally-flat spacetime at first. Then, we see the appli¬ 
cation to the concrete spacetimes. 


4 We set the affine parameter A to be zero on the boundary. 

5 These equations can be also obtained from the action directly. Note that because —n u S7 u fs becomes Dirac delta function 
in the limit <5 —0, the terms proportion to it in the lhs and rhs of eq. noli should be balanced. 
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A. General analysis 

Any metric of two-dimensional spacetime can be written in the conformal flat form: 

ds 2 = F(t, r)(—dt 2 + dr 2 ). (43) 

We consider the case in which the boundaries exist on r — n and r = r 2 = r± + L(> n). The normal vector on 
the boundary is written in 

rF = ( 0, F-5 ) . (44) 

The Ricci scalar and extrinsic curvature on the boundary are, respectively, 

R = F~\-d 2 In F + d 2 In F), (45) 

K=^F~%d r F. (46) 

With the metric (I43[) . eq. m can be rewritten as 

F-\-d 2 (p + d 2 ip) = F-\-d 2 lnF + 0 2 lnF). (47) 

A particular solution of this equation is ln.F(=: ip p ), and thus the general solution for tp is derived as 


<p = p p + <p h , (48) 

/ OO /»00 

duj[c±(uj)e lult e ±luir ] + / dw[d±( u)e ut e ±ur ], (49) 

-CO J —CO 

where iph is the homogeneous solution satisfying Otph = 0 . Ai, A 2 , A 3 are real constants, c±(cu) are constant 
functions satisfy c±(u>) — Cj_(—w), and d±(ui) are real functions. 

The boundary equation (|42l) becomes 


F 2 d r p = F 2 d r F. 

With this boundary condition, the solution (H51) is constrained as 


<p = ip p + tp o, 

CO 

ipo ■■= A 2 t + A 3 + ^2 Cn cos (i 0 n r)e lUnt , 

n=—c o 


(50) 


(51) 

(52) 


where n £ N, c n are constants satisfy c n = c*_ n . 

The stress tensor of the trace anomaly (1?51) can be transformed as 

T™ W = V P + ¥>o; <fo„] = Tff + T $, (53) 

Tfni := 24 ^ A "j< 7 / 2 . 12 (V a <p p )(V tp p ) — —(V li tpp)(S7 l/ ipp) — (54) 

: = ^p(Va¥>o)(V“¥>o) - ^(V^oXV^o) - dpd v ip 0 . (55) 

Note that there is no coupling term between ip p and ipo, i.e. T pu can be separated into p p part and ipo part. 
As we will see later, tp p part indeed describes the vacuum polarization, while ipo part seems related to the 
excitations. Since all p's in the stress tensor have at least one derivative, A 3 does not affect the stress tensor. 
Therefore, without loss of generality, hearinafter we set A 3 to be naught. Furthermore, if we restrict tpo to be 
A 2 t, the ipo part of stress tensor (T^°) would become stationary. 6 This contribution is expected to be that of 
the thermal state. 


T^l’ might not be stationary in general because of time dependence of F(t,r). 



B. Examples 


Here, we derive the concrete values of the stress tensor in simple cases; the Minkowski, two-dimensional 
Schwarzschild and de Sitter spacetimes. We take various boundary conditions and show that we can naturally 
get the stress tensor of various vacuum states. 


1. Minkowski (flat) spacetime 


Minkowski spacetime is the simplest example. Let us consider it at first. There are two famous vacua; the 
Minkowski vacuum (which based on the Cartesian coordinate) and the Rindler vacuum. The vacuum based on 
the Cartesian coordinate is defined in the full region of Minkowski spacetime (see FIG. |T]) , and thus we expect 
that the boundaries exist at two spatial infinities. Meanwhile, the Rindler vacuum is defined in the Rindler 
wedge (see FIG. [2J. One of boundary exists on the Rindler horizon and the other is at spatial infinity. Moreover, 
for comparison with the discussion of the two-dimensional Schwarzschild spacetime that we will discuss later, 
we consider another vacuum, which is the Unruh-like vacuum. This is just the analog to the Unruh vacuun in 
the two-dimensional Schwarzschild spacetime; one of the boundaries is the white hole horizon, and the other is 
spatial infinity. The corresponding region is the sum set of the Rindler patch and the future Milne patch (see 


FIG. |3]). 

To describe each region, we write the Minkowski metric in various forms: 

ds 2 = —di 2 + dx 2 = —dUfdVf (56) 

= —p 2 du f dvf = -p 2 (-dT R 2 + dR R 2 ) (= -p 2 dT R 2 + dp 2 ) (57) 

= -VjdUfdvf = Vf(—dTjj 2 + dRu 2 ), (58) 

where 

Uf\=t — x, Vf:=t + x, (59) 

p := (x 2 - f 2 ) 1/2 , u f := -\og{-U f ), v f :=logV f , T R := ^(v f + u f ), R r := ^{v f - u f ), (60) 

T u ■= ~(vf + Uf), Ru := ~{v f - Uf). (61) 


The metric forms (l56l) , (1571) and (1581) describe the regions of whole, Rindler patch and the sum set of the Rindler 
patch and the future Milne patch of Minkowski spacetime, and they are corresponding to the Minkowski vacuum, 
Rindler vacuum and Unruh-like vacuum, respectively. 


a. Minkowski Vacuum 

The Minkowski vacuum is the lowest energy state defined in whole of Minkowski spacetime. Therefore, we 
consider coordinate (1561) with boundaries at x = x± and take the limit x± —> ±oo. 

From eq. the general solution can be written in 


ip = A 2 t + j dwc(u) cos[ux\e u 


(62) 


The stationary stress tensor can be obtained be setting c(w) = 0 as 


T 

- 1 - flU 



in (t, x) coordinate. 


(63) 


As A 2 = 0, T M i, becomes the same as that of the Minkowski vacuum, i.e. all components become zero. Mean¬ 
while, A 2 characterizes the temperature of the thermal equilibrium state. 


b. Rindler Vacuum 

The Rindler patch is described by the metric (l57l) . We consider the case where boundaries exist at R r = R± 
and take the limit R± —> ±oo. Then the solution for ip becomes 


ip = 2 R r + A 2 T r + 


duj c(w) cos [ujR R ]e lujTR 


(64) 
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FIG. 1: Region corresponding to the 
Minkowski vacuum: The ( t , x) coordinate 
covers the whole Minkowski spacetime 
where t = constant and r = constant 
curves are drawn in dashed and dotted 
lines respectively. 


i 



FIG. 2: Region corresponding to the 
Rindler vacuum: The (Tr,Rr) 
coordinate covers only one quarter of 
Minkowski spacetime (Rindler wedge) 
where Tr = constant and Rr = constant 
curves are drawn in dashed and dotted 
lines respectively. 


i + 



FIG. 3: Region corresponding to the 
Unruh-like vacuum: The ( Tjj,Rjj ) 
coordinate covers a half of Minkowski 
spacetime where T\j = constant and 
Ru = constant curves are drawn in 
dashed and dotted lines respectively. 


The stationary stress tensor (with respect to the Rindler time) is realized if c(uj) = 0, and the corresponding 
stress tensor is: 


T 



( ( A 2 2 -4)(x 2 +t 2 ) 

I 4 (x 2 -t 2 ) 2 

1 (A%-i)xt 

\ 2(x 2 ~t 2 ) 2 


in (Tr,Rr) coordinate, 


(Al-4)xt 
20 2 -t 2 ) 2 
( A 2 2 -4)(x 2 +t 2 ) 


4(x 2 —1‘ 




in (f, x) coordinate. 


(65) 

( 66 ) 


For A 2 = 0, the result is the same as that corresponding to the Rindler vacuum state, and A 2 characterizes 
the temperature of the “thermal equilibrium state” based on the Rindler vacuum. The condition A 2 = 2 gives 
the same result as that corresponding to the Minkowski vacuum state, and thus the vacuum of the Cartesian 
coordinate is a thermal state based on the Rindler vacuum. This is consistent with the Unruh effect; the Rindler 
observer feels the thermal radiation in the Minkowski vacuum state. 


c. Unruh-like Vacuum 

In the Schwarzchild black hole spacetime, we are sometimes interested in the vacuum state defined in the sum 
set of the outer region and the future trapped region, which gives the Unruh state. To see the correspondence 
between the Minkowski spacetime and the two-dimensional Schwarzschild spacetime that we will discuss later, 
it is useful to consider the corresponding situation. That is, we consider the sum set of the Rindler patch and 
the future Milne patch, which is described by the metric (l58l) . The boundaries are set at Rjj = R± and we take 
the limit R± -A ±oo. Then the solution for ip becomes 

tp = ln(t + x) + A 2 Tu + J duj c(w) cos [ojRu]e lulTu . (67) 

The stress tensor of the thermal state is expected to be obtained with the condition c(u>) = 0: 

/ I _ I \ 

= [ 2 i 4 i 2 A 2 J in (Tjj,Rjj) coordinate, ( 68 ) 

V 2 2 T 

( 4-Al((x+t) 2 +l) 

. [ 8 ( 7 + 1 ? 

1 4+A^((x+t) 2 -l) 

\ 8 ( 7 + 4 ? 


4+A 2 2 ((x+t) 2 - 1) 
8 (x+t) 2 

4— A 2 2 {(x+t) 2 + l) 
8 (x+t)' 2 


in (t, x) coordinate. 


(69) 


The terms depending on A 2 appear in the diagonal part in (Tjj, Ru) coordinate, and it is traceless. This implies 
that its energy flows along dr v , and thus, a thermal gas comoves along d t v ■ The case with A 2 = 0 is expected 
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to be the vacuum state of the region that we consider. The stress tensor has the off-diagonal term in (t, x) 
coordinate. This means that we have energy flow in the vacuum state, which is corresponding to the Hawking 
radiation in the Unruh state of the black hole spacetimes. 


2. two-dimensional Schwarzschild spacetime 


The vacuum polarization in the black hole spacetime is one of the major interests in the quantum field 
theory on curved spacetimes. As a simplified toy model, the two-dimensional Schwarzschild spacetime is often 
investigated, where we consider the same metric as the time and radial components of the four-dimensional 
Schwarzschild spacetime. This geometry is not a solution of a gravity theory , 7 but it is fixed by hand. The 
artificial spacetime is enough for the discussion of the renormalized stress tensor. The causal structure in this 
two-dimensional Schwarzschild spacetime is the same as that in the four-dimensional Schwarzschild spacetime, 
and thus qualitatively we can expect that similar features of the vacuum polarization, such as the Hawking 
radiation, appear. Here, we study the vacuum polarization of the three familiar states; the Boulware, Hartle- 
Hawing and Unruh states. 

In order to describe the corresponding regions to the three states, we write the two-dimensional Schwarzschild 
spacetime in various descriptions: 


ds 2 


where 


-(1 - — )dt 2 + (1 - —)~ l dr 2 = (1 - — ){-dt 2 + dr* 2 ) = -(1 - —)dudv 
r r r r 

32 M 3 r 32M 3 r 0 0 

-e 2M dUdV = -e 2M (- dT H 2 + dR H 2 ) 

r r 

8M 2 r ,i t-r 8 M. r . i t-r 2 2 , 

- ~^2M ~ 1 )* e ™ dUdv = — <2m - 1 )*e™(-dT v 2 + dR v 2 ), 


r*:=r + 2M\n( -1), u := t — r *, v := t + r*, 

v 2 M ’ 

C/ := _ e w ; y := e™, T h :=^(V + U), R h :=±(V-U), 

Tu:=±(v + U), Ru :=±(v-U). 


(70) 

(71) 

(72) 

(73) 

(74) 

(75) 


The coordinates m, o and m describe the outside of the black hole (see FIG. [5]), whole spacetime (see 
FIG. [fj and the sum set of the outside and the future trapped region (see FIG. [ 6 ]), and they are corresponding 
to the Boulware, Hartle-Hawking and Unruh states, respectively. Comparing these coordinates (f70|) . (|7ljl . d72l) 
and the transformations (1731) . (1771) . (1751) with those of the Minkowski spacetime (1551) . (1571) . (1551) . (1551) . (16U1) and 
©, we can read the analog of the Boulware, Hartle-Hawing and Unruh vacua to the Rindler, Minkowski and 
Unruh-like vacua in the Minkowski spacetime, respectively. 


a. Hartle-Hawking Vacuum 

The energy momentum tensor of the Hartle-Hawking state mm is defined in the whole spacetime, which 
is regular even at horizons and infinity, and thus state can be defined everywhere. Therefore, the metric (ED is 
the corresponding metric, which is regular everywhere. We set the boundaries at Rh = R± and take the limit 
R± — > zhoo. Then the general solution (f?8l) can be written in 

2 M 1 f 

ip = ln( 1-) — + A 2 Th + du c(lj) cos[ujRH\e lujTH . (76) 


7 In two dimensional spacetime, general relativity is not well-defined. 
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FIG. 4: Region corresponding to the 
Hartle-Hawking vacuum: The (Th , Rh) 
coordinate covers the whole 
two-dimentional Schwarzschild spacetime 
where Th = constant and Rh = constant 
curves are drawn in dashed and dotted 
lines respectively. 


FIG. 5: Region corresponding to the 
Boulware vacuum: The (£, r) coordinate 
covers one quarter of two-dimentional 
Schwarzschild spacetime where t = 
constant and r = constant curves are 
drawn in dashed and dotted lines 
respectively. 


FIG. 6: Region corresponding to the 
Unruh vacuum: The ( Tjj,Rjj) coordinate 
covers a half of two-dimentional 
Schwarzschild spacetime where Tjj = 
constant and Ru = constant curves are 
drawn in dashed and dotted lines 
respectively. 


Stationary stress tensor (in (Th, Rh (-coordinate sense) is achieved if c(u>) vanishes, and it becomes 


t t h t h 

Tr h r h 

T T h Rh 


64 M 4 


QAM 


__r_ ( 48M 4 16M 3 AM 




+ 


16 M 3 


T, 


RhTh 


1 ( 48M 4 

-p 2M — I-1- 

y 7*4 t* 3 

/ 96M 4 32 M 3 8 M 2 

— ( —i- 1 -§- 1 -2 

\ v 7*° r 


AM 2 


8-* ( Rh 2 + Th 2 )- 
)e“* (R h 2 +T h 2 ) 
(ThRh) , 



in (Th, Rh) coordinate, and 


(77) 

(78) 

(79) 


T tt 

T rr 

Ttr 


/ 7 M 2 AM 




- 1 - 


2 M 


-2 


16M 2 


A 2 2 

6AM 2 


(Rh 2 +T h 2 ), 


V (. 


1 


T r t — — 


r J \ 16M 2 r 4 


Ao 


QAM 2 


1 - 


2 M\ 


r J 


(R h 2 +T h 2 ) 


32 M 2 


-l 


1 - —) (ThRh) , 


(80) 

(81) 

(82) 


in (t, r) coordinate. 

For A 2 = 0, the energy density is constant for the Killing observer (whose trajectory is tangent to dt) outside 
the black hole, and the stress tensor is the same as that of the Hartle-Hawking vacuum state. A 2 characterizes 
the thermal excitation based on the Hartle-Hawking vacuum. 


b. Boulware Vacuum 

The Boulware vacuum [2^ has the same asymptotic behavior as the Minkowski vacuum, while the stress 
tensor diverges on the horizon. Thus, the state (and the quantum theory) is defined only outside the horizons. 
The metric (171)1) is the corresponding one. We set the boundaries at r* = r± and take the limit r± —► ± 00 . The 
form of general solution (l48l) becomes 

2 M r 

tp = ln(l- ) + A 2 t+ / duic(uj) cos[uir*]e zult . (83) 

Imposing the stationary condition of the stress tensor, c(w) should vanishes and the stress tensor is derived as 


T = 

fllV 


4Mr-7M 

0 

4Mr-7M 2 

0 


4 


Al 

4 


M 


Al 

4 


in (t,r*) coordinate, 


M 2 -V 2 r 2 

r l (r-2M) 1 4(r-2 M)' 2 


in (t, r) coordinate. 


(84) 

(85) 


For A 2 = 0, the energy density has the minimum value, which corresponds to the Boulware vacuum state. A 2 
characterizes the temperature of the thermal equilibrium state based on the Boulware vacuum. Similar to the 
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relation between the Minkowski and Rindler vacua, for A 2 = ±1/(2 M), the resulting stress tensor is the same 
as that of the Hartle-Hawking vacuum state. That is, Hartle-Hawking vacuum state is a thermal equilibrium 
state on Boulware vacuum. 


c. Unruh Vacuum 

In the Unruh vacuum state [23|, we take the Minkowski vacuum state at the past null infinity, while the stress 
tensor is regular on the black hole horizon but not on white hole horizon. We can extend the state to the inside 
of the black hole but not of the white hole. Therefore, the corresponding region is the sum of the outside of 
horizon and inside of black hole, which is described with the metric (ZD. We set the boundaries at Ru = R± 
and take the limit R± —> ± 00 . Then, the general solution is written in 

2 M 1 /' 

<£ = 111(1 - ) + - r*) + A 2 Tu + dcoc(u})cos[ujRu]e lulTu . (86) 

r 4 M J 


The stationary stress tensor (in ( Tu,Ru ) sense) is obtained if c(w) vanishes and it is written as 


T TvT v = -^ (-r + \M- 16M 2 e^ ^ _ 1 + 2M e w (J- - l) (r 2 + 4Mr + 12 M 2 )^ 

T RuRu = ~(-r+^M + 16 M 2 M 1 + 2Mew - l) (r 2 + 4Mr + 12 M 2 )^j 

Tt uRu = T RuTu = (—2r ±3 M- 2e® (r - 2 M) (r 2 ± 4Mr + 12M 2 )) , 

in ( Tu,Ru ) coordinate, and 



(89) 



(90) 

(91) 

(92) 


in (i, r) coordinate. 

The lowest energy state with respect to iTu, i?[/)-coordinate is realized for A 2 = 0, and then the stress tensor 
is the same as that of Unruh vacuum state. A 2 describes the thermal excitation for the Unruh observer (whose 
trajectory is tangent to dru)- 


3. de Sitter spacetime 


Here, we consider the stress tensor in de Sitter spacetime. In cosmology, de Sitter spacetime approximately 
describes the beginning part of the Universe, i.e. inflation. Meanwhile, de Sitter spacetime has the maximal sym¬ 
metry, and thus has intriguing features. Therefore, de Sitter spacetime is interesting in both phenomenological 
and theoretical viewpoints. 

In de Sitter spacetime, two vacua, the vacuum of the static chart and the Bunch-Davis vacuum, are often 
discussed. We describe de Sitter spacetime with two different coordinates, 

ds 2 = -(1 - H 2 r 2 )dt 2 s + (1 - # 2 r 2 ) - 1 dr 2 = (1 - H 2 r 2 )(-dt 2 s + dr 2 *) (93) 

= -dt) + e 2Ht fdr 2 f = -^(-diy 2 + drj), (94) 

where 


tanh ( Hr s ) 


rf := re 


H 

— Ht f 


V ■ = 


„-Ht t 


H 


tf :=t s + —log [H-^l-H 2 ^)), 


(95) 

(96) 


and “s” and “/” mean the static and flat slicing charts, respectively. The vacua with the coordinates (1951) and 
(1M1) are corresponding to the vacuum of the static chart and the Bunch-Davis vacuum, respectively. 
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J^ + 



FIG. 7: Region corresponding to 
Bunch-Davies vacuum: The ( tf,rf ) 
coordinate covers a half of de Sitter 
spacetime where tf = constant and rf = 
constant curves are drawn in dashed and 
dotted lines respectively. 





FIG. 8: Region of the static chart: The 
(t s , r s ) coordinate covers one quarter of 
de Sitter spacetime where t s = constant 
and r s = constant curves are drawn in 
dashed and dotted lines respectively. 


a. Bunch-Davis Vacuum 

The vacuum state of the flat chart (1M1) is the so-called Bunch-Davis state [24j . The flat chart (1M1) describes 
the region shown in FIG. [7] We set the boundaries at rf = r± and take the limit r± —> ±oo. Then, the general 
solution (H51) becomes 


v =-21»(ff,) + A OT + /*,cMco s K,] e -. 

The stationary stress tensor with respect to the conformal time 77 is obtained for c(lj) = 0 as 


T — 

x fllS - 


H 2 - ^e~ 2m f 0 


tf H 2 - ^ 




—e 2Htf H 2 - 


in (■ tf,r f ) coordinate, 


0 


4 


in ( rj,rf ) coordinate. 


(97) 


(98) 


(99) 


The lowest energy state is realized for A 2 = 0, and then the stress tensor becomes the same as that of Bunch- 
Davis vacuum. A 2 describes the thermal state with respect to the conformal time d v . 


b. Vacuum of the static chart 

The static chart (1^3ll describes the region shown in FIG. [ 8 ] We set boundary at r s = r± and take the limit 
r± = ± 00 . Then the general solution (14811 becomes 


ip = ln(l - H 2 r 2 ) + A 2 t s + 


j dwc(u) cos[wr*]e*“ ts . 


( 100 ) 


The stationary stress tensor with respect to the Killing direction d ts is obtained for c(oj) = 0, and it is derived 


as 



in ( t a ,r *) coordinate, 
in ( t s ,r s ) coordinate. 


( 101 ) 

( 102 ) 


Imposing A 2 = 0, the minimum energy state is realized and the stress tensor becomes the same as that of the 
vacuum state in static chart. A 2 describes the thermal excitation on the static chart. For A 2 = ±2 H 1 the 
resulting stress tensor is the same as that of the Bunch-Davis vacuum state. That is, Bunch-Davis vacuum 
state is a thermal equilibrium state based on static vacuum. 







14 


V. SUMMARY 

In this paper, we have derived the anomaly-induced action with the boundary effect by restoring the corre¬ 
sponding boundary terms to Lagrangian for the counter terms. Although the boundary action seems not to 
revise the stress tensor in the region within boundary, there are indeed additional boundary constraints for the 
auxiliary field ip. Therefore, even though the functional form of the stress-tensor is the same as that without 
the boundary effect, due to the constraint of the argument ip, the stress-tensor is restricted. This effect has not 
been noticed before, i.e. the degree of freedom in the general solution of ip and the corresponding stress-tensor 
is actually much less than what people have considered before. 

As examples, we have applied our result to several common spacetimes, flat, two-dimensional Schwarzchild, 
and de Sitter spacetimes, with various different boundaries. In the previous works although it was shown 

that the solution of auxiliary field can be tuned to describe the quantum vacuum state correctly in several 
examples, the principle for the correspondence behind was unclear. We have shown that, in the spacetime 
that we have considered, the corresponding solution of the classical auxiliary field to the quantum state of the 
original field is the vacuum state with the proper boundary conditions. This procedure is quite natural, because 
any tuning of solutions is not required anymore. 

It is interesting to apply our result to some other topics, such as (dynamical) casimir effect. Now since we 
know the correct relation between quantum states of the original field and the solution of the auxiliary field, 
we can deal with the quantum effects on curved spacetime as the classical dynamics of the auxiliary field ip. It 
can be expected that by using the classical anomaly-induced action, we can discuss the backreaction problem 
in semi-classical approaches without bothering the complicated calculation. Another interesting direction is the 
formulation of the anomaly-induced action with boundary effect in four dimensional spacetime. We expect that 
this approach in four-dimensional spacetime would be a powerful tool to investigate various physical-interested 
semiclassical problems, such as cosmology, semi-classical physics on black hole spacetime, and so on. We leave 
these interesting explorations as future works. 


Acknowledgments 

The authors would like to thank Je-An Gu for useful comments. K. I. is supported by Taiwan National 
Science Council under Project No. NSC101-2811-M-002-103 and this work is also supported by Leung Center 
for Cosmology and Particle Astrophysics, Taiwan, R.O.C. 


[1] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, 
England, 1982) Ch6. 

[2] S. Deser, M. J. Duff and C. J. Isham, Nucl. Phys. B 111, 45 (1976). 

[3] M. J. Duff, Nucl. Phys. B 125, 334 (1977). 

[4] E Candelas, Phys. Rev. D 21 (1980) 2185; D.N. Page, Phys. Rev. D 25 (1982) 1499; M.R. Brown, A.C. Ottewill and 

D.N. Page, Phys. Rev. D 33 (1986) 2840; V.E Frolov and A.I. Zelnikov, Phys. Rev. D 35 (1987) 3031; C. Vaz, Phys. 

Rev. D 39 (1989) 1776; Phys. Rev. D 40 (1989) 1340; ER. Anderson, W.A. Hiscock and D.A. Samuel, Phys. Rev. D 

51 (1995) 4337. 

[5] A. M. Polyakov, Phys. Lett. B 103, 207 (1981). 

[6] R. J. Riegert, Phys. Lett. B 134, 56 (1984). 

[7] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B 134, 187 (1984). 

[8] R. Balbinot, A. Fabbri and I. L. Shapiro, Nucl. Phys. B 559, 301 (1999). 

[9] E. Mottola and R. Vaulin, Phys. Rev. D 74, 064004 (2006). 

[10] P. R. Anderson, E. Mottola and R. Vaulin, Phys. Rev. D 76, 124028 (2007). 

[11] V. F. Mukhanov, A. Wipf and A. Zelnikov, Phys. Lett. B 332, 283 (1994). 

[12] J. C. Fabris, A. M. Pelinson and I. L. Shapiro, Grav. Cosmol. 6, 59 (2000). 

[13] J. C. Fabris, A. M. Pelinson and I. L. Shapiro, Nucl. Phys. B 597, 539 (2001) [Nucl. Phys. B 602, 644 (2001)]. 

[14] A. M. Pelinson, I. L. Shapiro and F. I. Takakura, Nucl. Phys. B 648, 417 (2003). 

[15] N. Bilic, B. Guberina, R. Horvat, H. Nikolic and H. Stefancic, Phys. Lett. B 657, 232 (2007). 

[16] P. O. Mazur and E. Mottola, Phys. Rev. D 64, 104022 (2001). 

[17] I. L. Shapiro and A. G. Zheksenaev, Phys. Lett. B 324, 286 (1994). 

[18] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752 (1977). 

[19] J. W. York, Jr., Phys. Rev. Lett. 28, 1082 (1972). 

[20] W. Israel, Phys. Lett. A 57, 107 (1976). 

[21] J. B. Hartle and S. W. Hawking, Phys. Rev. D 13, 2188 (1976). 



15 


[22] D. G. Boulware, Phys. Rev. D 11, 1404 (1975). 

[23] W. G. Unruh, Phys. Rev. D 14, 870 (1976). 

[24] T. S. Bunch and P. C. W. Davies, Proc. Roy. Soc. Lond. A 360, 117 (1978). 


